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Abstract
In this document I review the derivations of the TANK(s) model presented by Bilbiie (2008)

and Bilbiie (2019).

*I am indebted to Lukas B. Freund who helped me drafting some of the material presented in these notes. All errors and

omissions are obviously only my own.



1 Introduction

Throughout, time is discrete and denoted t = 0, 1, 2,...; steady-state variables are without time subscript.
Real quantities are in terms of the consumption good and — unless otherwise stated — denoted by lower
case letters while nominal variables are denote by capital letters. Log-linear variables in deviation from
their steady state will be denoted by a A while log-linear variables in deviations from output steady
state by ~.

There is one major difference between the TANK model presented in Bilbiie (2008) and the one in
Bilbiie (2019) and it is related to the way that he uses to ensure O profits in steady state. This is
needed to have a full insurance steady state where consumption of both agents is the same. While in
2008 he assumes fix costs in production, in more recent work instead he assumes that the government
implements an optimal subsidy inducing marginal cost pricing. This effectively induces a mark-up
equal to 1 in steady state and hence O profits. 1 will follow the latter approach here also because it
highlights the role of fiscal (re)distribution in these models (which is also one of the findings at the end
of the 2008 JET paper.!) Here we also assume constant return to scale production as opposed to Bilbiie

(2008) who allows for decreasing returns.

2 TANK model

The economy consists of four sectors: households, firms, government and a central bank. The household
sector is populated by two different types: savers S and hand-to-mouth H. The firm sector is standard.
The government implements redistributive policies by taxing profits. Nominal rigidities are introduced
by assuming that intermediate goods producers face quadratic adjustment costs a la Rotemberg in

adjusting their prices. The central bank follows a Taylor type rule to choose the nominal interest rate.

2.1 Households

There is a continuum of households [0, 1], all having the same utility function U(.). There are two
types of households: A share A of households are hand-to-mouth H who work and consume all of their
income. The remaining 1 — A are savers S who hold bonds and shares in monopolistic firms and get

firm profits. Savers price all assets and get all returns, thus there is limited asset market participation.

Savers Savers maximize their lifetime utility subject to their budget constraint, taking prices and wages

In the 2008 he shows that fiscal policy that redistribute dividend income to non-asset holders can restore the standard
aggregate demand logic in TANK.
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where I, is inflation, w; are real wages, R is the gross nominal interest rate on bonds, d; are firm profits
(with d; = (1 — \)d') and 77 are taxes levied by the government on dividends. o is the inter-temporal
elasticity of substitution, % is the Frish elasticity of labor supply and v indicates how leisure is valued
relative to consumption.
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Hand-to-mouth Hand-to-mouth households have no assets and thus consume their labor income as

well as the transfer they get from the government:
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Since preferences are monotonic, households will just consume all of their labor income plus transfers:

= g+ (3)
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2.2 Firms

The firm sector is split into two. There are a representative competitive final goods firm which
aggregates intermediate goods according to a CES technology and a continuum of intermediate goods
producers that produce different varieties using labor as an input. To the extent to which the intermediate
goods are imperfect substitutes, there is a downward-sloping demand for each intermediate variety,
giving the intermediate producers some pricing power. However, importantly, intermediate goods

producers are subject to some costs in adjusting prices. This generates sticky prices.

Final goods producer Final goods firms maximize profits subject to the production function by taking
prices as given. Since final goods firms are all identical, we can focus on one representative firm. These
firms bundle the differentiated goods into a final good using a CES technology. The problem of such a

representative final goods firm (set up in nominal terms) reads
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where € is the elasticity of substitution. When goods are perfectly substitutable ¢ — oo, we approach

the perfect competition benchmark. Plugging in for the constraint, this rewrites
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The first order condition is given by
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The factor demand of final goods producers is thus given by
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From the zero profit condition one can deduce the aggregate price level F;
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Intermediate goods producer As intermediate goods producers are monopolists, they maximize

profits by taking the demand function of final goods firms into account. I consider now the problem of
an intermediate goods firm ¢. For the sake of simplicity the program is split into two sub-problems:
the cost minimization and the price setting problem. To find the real cost function, factor costs are

minimized subject to the production function. The program of firm ¢ reads

min U)th(Z) S.t. yt(Z) < Zth(Z)
Hy(7)

The first order condition reads

wy = YPy() Zy

where 14 (i) is the corresponding Lagrange multiplier. This multiplier will have the interpretation as
real marginal cost — how much will costs change if you are forced to produce an extra unit of output, i.e.

mey = 1¢(i). To prove this, let us solve for the Lagrange multiplier as a function of output. We have
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By inverting the production function, we have

From here, we can derive the cost function
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Thus,

1
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Also note that because nothing on the LHS depends on i, neither will ¢4 (i). Thus ¢;(7) = ¥¢(j) = 1.

Now that we have found the real cost function, we can move to the intermediate goods firms’ price
setting problem. Intermediate goods producers set prices to maximize the expected discounted stream
of (real) profits (that is real revenue minus real labor input and price adjustment costs). I also assume
that there is an optimal steady-state subsidy in place to induce marginal cost pricing. Essentially,
sales are subsidized by 7° and the subsidy is financed by a lump sum tax levied from the firms.

The price setting problem of the firm thus writes
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where ji; 14, is the firms stochastic discount factor between period ¢ and ¢ + k. This can be rewritten as
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The FOC reads
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Since firms do not have to discount the profits of the current period (i.e. ji;¢ = 1) this rewrites
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Because the firms are owned by the savers, the stochastic discount factor is given by iy 4+1 = f“ s =
utC
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This equation can be interpreted as follows. The first two terms represent the price setting behavior in a
standard monopolistic model, i.e. M R = M C'. The third term can be interpreted as the extra cost at
the margin of changing the price today (due to the adjustment costs) and the last term can be viewed as

the marginal gain of changing the price today rather than tomorrow (in discounted expected terms).

Thus, firms in the model have a dynamic forward looking view on price setting.



By exploiting the symmetric equilibrium in the above equation (i.e. y:(i) = vz, mc(i) = mc; and thus
P.(i) = P, ¥ t, which follows from the fact that all firms are identical and face identical demand), one

can obtain the following optimal price setting equation
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From this we can see two sources of inefficiencies. If there are no price adjustment costs, the equation

rewrites
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Thus, firms charge a constant markup over (nominal M C}) marginal costs. This distortion can be easily

eliminated using a constant subsidy 7° = (¢ — 1)~L. In this case we have that M = 1 and

P=MCy

in the limiting case when prices are flexible. However, with sticky prices this markup will be time
varying, which introduces another distortion. In steady state, however, there will be no markup, i.e.
real marginal costs will be one. By way of summary, optimal firm behavior after having imposed the

symmetric equilibrium is characterized by
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2.3 Monetary and fiscal policy

The transfer policy is balanced in every period. Thus

MHE = 7Pq,.

As outlined above, the subsidy is financed by a lump-sum tax on the firm. Thus,

t; =yt

To close the model, we assume that there is a monetary authority that sets the nominal interest rate

R II '

according to a simple Taylor rule

2.4 Market clearing

Bond market clearing requires bf = 0. Aggregate consumption and aggregate hours are given by

=Xl + (1=
Hy = HI +(1-)NH.

Firms profits are given by
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Imposing the value for the subsidy, we have
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Using this in the definition of the transfer to H we have
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Imposing the market clearing, the households budget constraints read
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Multiplying these by the respective shares and summing, we get
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Thus, the resource constraint reads

ct =Yt — gi;p (IT; — 1)2%.

2.5 Equilibrium
A general equilibrium for this economy is defined as a sequence of quantities

Q= {yt,c,Hy, Hf,Hfl,mct,dt,ch ,cf,t{f};’io and a series of prices P = {wy,I1;, R:}?2,, and a

sequence of shocks S = {Z;, ¢, } such that

(i) Given a sequence of prices P, and a sequence of shocks S, the sequence of quantities Q solves

the hand-to-mouth, the savers’ and the firms’ problem.

(ii) Given a sequence of quantities Q, and a sequence of shocks S, the sequence of prices P clear all
the markets.

We have 13 endogenous variables. The equilibrium conditions are given by the following 13 equations.?

2Note that because of additivity and the fact the utility function elasticities ¢ and ¢ are assumed to be the same across

households then the aggregate labor supply expression is equivalent to the one of the two households, w; = v (H;)¥ (Cy)?
where v = v = H |



Equilibrium Conditions

I: Labor Supply S wy = v (H ()’
-1

2: Labor Supply H wy = v (HI)? ()7
3: Euler S 1= 8E, | (S o

. ule — t Cst Ht+1
4: Budget constraint H el = Hfw, +t
5: Transfer H th = %dt
6: Marginal prod. of labor wy = mct}i,—tt

(1 +TS) (1 — 6) +emey — Ht¢p (Ht — 1)
7: Phillips Curve S N\~
+BE; (CZ:S_I) Ht+1¢p (Ht+1 — 1) y;‘:l] =0

8: Production Function Yy = 2 Hy
9: Profits dt = (1 —mcy — (;%p (Ht — 1)2) Yt
10: Aggregate C ct = et + (1= N\)ep
11: Aggregate H Hy = HF +(1 -\ HY
12: Resource constraint =y — % (TT; — 1)2 Yt
13: Taylor Rule % = (%) i et

I do not include the S budget constraint because it is implied by Walras law.
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2.6 Steady State

We assume that inflation is zero in steady state, II = 1, and technology is normalized to unity, z = 1.
1

From the Euler equation for bonds of S we have R = 7. From the optimal pricing equation, we have
1+7%) (e—1 _ : : .

mec = % = ML, From the production function, and the resource constraint, we have that

c=y=H.

For profits, we then have

d=1-MNy=01-M"be

From the budget constraint for H we have
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From aggregate consumption, we have
P (A = g - (1M o) = (o T (1m0
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H

Thus if there is an optimal subsidy in place, we have M~! =1 and ¢ = ¢/ = ¢5. Under this case

of full steady state insurance the log-linearized version of the model simplifies substantially.

From the marginal product of labor we have that w = mc and we can use it in the two labor supply

H:

equations, together with ¢ = ¢ ¢® = H, to solve for:

1
w=vIHI 5
1
w=1v H3 Hs

H=MH"+(1-)NH".

It is easy to show that because agents have equal consumption and we assume that both agents have the

same o and ¢ then it must by that household value leisure relative to consumption in the same way

H

(i.e. v = /%) and this means that both households supply the same amount of labor in steady state

H=HH =[5 = (w)ﬁ3

v

3However this is not necessarily true outside of the steady state.
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2.7 Log-linear Model

We log-linearize the model around the steady state. We assume that inflation is zero in steady state.

Variables with a ~ denote log-deviations from steady state. We log-linearize all variables (Z; = %)
except total profits and transfers, which we linearize and denote as a share of total output, i.e. d; = #
and 11 = TtH;,TH.
Log-linearized Conditions

1: Labor Supply S OHY =y — o &

2: Labor Supply H gp]:.ltH =Wy — O'_lé{_]

3 Euler S & = Eegy —o (R — Eillpa)

4: Budget constraint H el = I:ItH + by +

5: Transfer H th = %Jt

6: Marginal prod. of labor W = mey + 9 — Hy

7: Phillips Curve I, = BEtﬁtH +mcey

8: Production Function Ut = 2t + H,

9: Profits Jt = —1M¢

10: Aggregate C &=l +(1-N)e&)

11: Aggregate H Hy = I + (1 -\ HP

12: Resource constraint Ct = Ut

13: Taylor Rule ]%t = (bﬂﬂt + €

Table 1: baseline TANK

The slope of the Phillips curve is given by ¢ = ﬁ. Given additivity and the fact that the two

elasticity in utility are the same it is true that the aggregate labor supply looks like the individual ones

©H; = — o1,

Let’s simplify the above model by assuming that there are no productivity shocks (2; = 0) we have

U= Ct = H,, W = mc; and dy = —1. And from the aggregate labor supply we have

Wy = (+0 1)é. (6)

12



Log-linearized Conditions

N A A S

Labor Supply S <thS =Wy — a_léf
Labor Supply H cpf]tH =Wt — ailéfl
Euler S & = By —o (Ri— Eillyp)
Budget constraint H el = A -+
Transfer H th = —?uﬁt
Phillips Curve [Ty = BEdTi 1 + Yy
Aggregate C e =M+ (1=
Aggregate H &= AL + (1 -\ 0
Taylor Rule Rt = qbﬂf[t +e€

Table 2: baseline TANK - no productivity shock
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2.8 TANK as in Bilbiie (2019)

Let’s derive first the consumption function for H’s.

2.8.1 H’s consumption function

We start with the following equations for H:

H T H .
. 1. L
aft = S0t (vo) tefl (8)

Combining the H-related equations to write consumption as a function of the wage, taking into account

labor supply:

oH e+1—p(tP/N)
¢ gO—i-U_l

wy )

given the labor supply at aggregate level 6, substituting for the wage in the equation for ¢/7, and noting

that ¢; = y; in a world without government sector, we obtain

e =y, (10)

with the elasticity of H’s consumption (and income) to aggregate income defined as

o)

Of course, with 72 = 0, this reduces to X = 1+ ¢, which is the version Bilbiie used in previous versions

(1)

of the NK cross paper.4

H’s consumption co-moves one-to-one with their income, but not necessarily with aggregate income,
and this is the model’s keystone: the parameter Y - the elasticity of H’s consumption (and income) to
aggregate income y; - which depends on fiscal redistribution and labor market characteristics. From

the definition of aggregate consumption, we then have

5 1=Ax
Cf: 1_;6075.

From this, one can see that we will be at the RANK benchmark if x = 1. This is the case e.g. with

4For instance: https://www.eui.eu/Documents/DepartmentsCentres/Economics/Seminarsevents/Florin-Bilbiie-paper.pdf
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infinitely elastic labor supply ¢ = 0, log utility o = 1 and no redistribution 72 = 0.

We can use this result to derive an aggregate Euler equation:

1—MAx 1-)
A _ —_ X/\ A
¢t = By —ofy
1—\ T—\ “t+
~ ~ 1A
¢t =EiCip1—06 1y,

. _1=Xx1
with o = 757

(12)

This illustrates clearly that amplification of MP (understood as changes in 7; = f%t — Etﬂt+1) occurs

with respect to RANK whenever y > 1.

Moreover we can see how limited asset market participation has an effect on the dynamics of the model

by affecting the elasticity of aggregate demand to real interest rates 6. And this effect is non-linear as §

change sign whenever A is higher than the threshold:

A\ TDQ0—|—1
p+1

13)

With no redistribution (77 = 0) this produce the same picture as in Bilbiie (2008) for \* = ﬁ (figure

1). With A > \* we are in the IADL region.

Combining 10 with aggregate labor supply 6 and H’s labor supply we also get:

therefore we can write:

(14)

(15)

with 7 being the elasticity of H’s hours to real wage. Again is useful to look at the no redistribution

case with y = 1+ ¢ so that
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Figure 1: Determinacy region as in Bilbiie (2008)
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B 1—o1

= 16
Sp_i_o-fl’ ( )

n

which shows that with no redistribution (7” = 0) and o = 1 we get HH =0 so hours of the Hand to
Mouth are constant.
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